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ow mathematics curriculum reform is implemented in the classroom

depends largely on teachers’ images of the mathematics they are teaching
Bauersfeld 1980; Cooney 1985; Thompson 1984). From our close collabora-
jon with middle school mathematics teachers. we have become increasingly
iware of the pervasive influence teachers’ images have on how they implement
pnovative curricula. We have observed that these images manifest themselves
p two sharply contrasting orientations toward mathematics tcaching. We refer
o these orientations as calculational and conceptual. To illustrate what we
nean by a calculational and a conceptual orientation in teaching mathematics,
e start with two vignettes. After the vignettes we discuss more generally what
rese orientations entail and their implications for classroom discourse and for
tudents’ learning. The article cnds with a discussion of obstacies to adopting a
onceptual orientation and a discussion of the implications these obstacles have
or the professional preparation and development of mathematics teachers.

The vignettes depict two different teachers, each illustrative of an orientation. Our
ntent is to give the reader concrete examples of the kind of teaching—specifically
he nature of the classroom discourse—that is characteristic of each orientation. The
yignettes have been constructed from videotaped observations of actual lessons.

Research reported in this paper was supported by National Science Foundation (NSI9) Grants
Nos. MDR 89-50311 and 90-96275 and by a grant of cquipment from Apple Computer. Inc..
Dffice of External Research. Any conclusions or recommendations stated here are those of the
puthors and do not necessarily reflect official positions of NSF or Apple Computer.
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Vignette 1

A seventh-grade teacher presents the following problem to his class:

At some time in the future John will be 38 years old. At that time he will be
3 times as old as Sally. Sally is now 7 years old. How old is John now?

Alter allowing students time to think about the problem and to discuss their
thinking with a classmate, the teacher calls for volunteers to explain how they
thought about the problem in order to solve it. What follows are the responses
offered by the students and the ensuing exchange between teacher and students:

T lLet's talk about this problem a bit. How is it that you thought about it?

S1: Tdivided 38 by 3 and [ got 12 2/3. Then I subtracted 7 from 12 2/3 and got 5 2/3.
(Pause) Then | subtracted that from 38 and got 32 1/3. (Pause) John is 32 1/3.

T That's good! (Pause) Can you explain what you did in more detail? Why did
you divide 38 by 37

51 (Appearing puzzled by the question, S1 looks back at her work. She looks again
at the original problem.) Becausc 1 knew that John is older—3 times older.

/- Okay, and then what did you do?

S7: Then | subtracted 7 and got 5 2/3. (Pause) 1 took that away from 38, and that
gave me 32 1/3.

7. Why did you take 5 2/3 away from 38?

$1: (Pause) To find out how old John is.

T. Okay, and you got 32 1/3 for John's age. That's good! (Pause) Yes, S27?

$2: Isn’t the answer 217 (Pause) I multiplied 7 times 3 and I got 21.

* Hum? Not quite. (Pause) How come you multiplied 7 times 3?7
$2: It says that he is 3 times as old as Sally ... (Pause) and Sally is 7.
T: Oh, I see! (Pause) You're right, the problem says that John is 3 times as old as

Sally, but that is when John is 38. That’s at the time he is 38, which is at some
time in the future. (Pause) Do you understand?

520 Sortof. .

T Okay, how about you, S3? How did you think about it?

53: 1divided 38 by 3, and I subtracted that from 38. That's 25 and something. Then
I added that to 7. 1 got the same thing as $1—32 something.

T: But you did it differently. Super! See? There are different ways to solve the
same problem. (Pause) How about you, $4?

$4: 1 subtracted 7 from 38 and divided that by 3. (Pause) I got 10 something. Then 1
added that to 7. (Pause) | got that he is 17 and something.

7. Hum? That doesn’t quite agree with the other answers, does it? I'm not sure |
understand what you're doing. (Pause) Why did you subtract 7 from 387

Sd: (Shrugging his shoulders) 1 don’t know.

T 857

S5 Dividing 38 by 3 can’t be right! It doesn’t come out even.

T: That doesn’t matter, docs it? We still get a number, don’t we? (Pause) We get
that Sally is 12 2/3. (Pause) Let’s take a look at how to divide 38 by 3. Divide
3 into 38. (Motioning with his hands in the air as if he were doing the long
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division on an imaginary chalkboard) Three goes into 18 ten times. put up the
1, and 10 times 3 is 30. Thirty-cight minus 30 is 8. Three goes into § (wo
times. Put up the 2, and 2 times 3 is 6. So 8 minus 6 is 2. The answer is 12
remainder 2, or 12 and 2/3. Okay? (Pause) Let's take a look at the two ways
the problem was solved.

The teacher proceeds to demonstrate S1's and S3’s solutions on the chalk-
board and refers to both solutions as appropriate ways to think about the prob-
lem. This segment of the lesson ends and the class moves to work on another
task.

Contrast the vignette given above with the one below, which illustrates an
exchange of a very different nature between a teacher and his students. This
exchange followed the presentation of the same problem as in vignetie 1 0 a
group of seventh graders. Again, the exchange takes place after the students
have had the opportunity to think about the problem and to discuss it with a
classmate.

L4

Vignette 2
T: Let's talk about this problem a bit. How is it that you thought about the infor-
mation in it?
S1: Well, you gotta start by dividing 38 by 3. Then you take away ...

T: (Interrupting) Wait! Before going on to tell us about the calculations you did,
explain to us why you did what you did. (Pause) What were you trying to find?

) §1: Well, you know that Joha is 3 times as old as Sally, so you divide 38 by 3 to

find out how old Sally is.
T: Do you all agree with S1’s thinking?

Several students say, “Yes" ; others nod their heads.

52: That's not gonna tell you how old Sally is now. IU1l tell you how old Sally is
when John is 38.

T: Is that what you had in mind, S1?

Si: Yes.

T: (To the rest of the class) What does the 38 stand for?

§2: John's age in the future.

T So 38 is not how old John is now. It’s how old John will be in the tuture.
(Pause) The problem says that when John gets to be 38 he will be 3 times as old
as Sally. Does that mean “3 times as old as Sally is now™ or “3 times as old as
Sally will be when John is 38”7

Several students respond in unison, “When John is 38."

T: Are we all clear on S2's reasoning? (Pause)

§3: 1 started the same way. but I got stuck dividing. (Pausc) Three docsn’t go into
38 evenly. (Pause)

T: Don’t worry about how to divide 38 by 3 now. That's not what’s mosl impor-
tant right now. What are you trying to find by dividing 38 by 37

$3: Sally’s age.
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Sally’s age when John is 38 years old. (Pause) You can use your calculator if
you want to. (Pause) If you try it, you'll get 12.66 ... years. That’s Sally's age
in the future. (Pause) S47

Couldn’t you just say John is 217 (Pause) Couldn’t you just multiply 3 tirnes 77
What will that give you?

Twenty-one!

Yes, T know that. But what would the 21 represent? What is it that's 217

That's how old John is now. Isn't that what we want to find?

No! (Pause) I mean, yes! That's what we want to find, but that's not right!
What is it that is not right, S47 We do want to find out how old John is now,
don’t we?

Right. But see, he's not 3 times older than Sally now! He'll be 3 times older
than Sally when he is 38. So you can’t multiply 7 by 3.

Let’s think about that. If we know that John will be 3 times as old as Sally when
he is 38, docs that make him 3 times as old as Sally now? (Pause) S4, what do
you think?

I guess not. (Pause)

(To S4) Suppose you're now 12 and your younger sister or brother is 6 years
old. That makes you twice as old as your younger sister. Will that also be true
next year? (Pause) Next year you'll be 13 and she’ll be 7. Will you still be
twice as old as your sister?

. Actually, that'll happen only once and never again.
o I seeit.

Okay, so how are we going to use the information that John will be 3 times as
old as Sally when he gets to be 387 (Pause) Who can explain?

© You can divide 38 by 3 and get 12.66....

Remember to tell us what your numbers stand for. What does the 12.66 ... stand
for?

That's how old Sally will be.

When?

ral students respond, “When John is 38."

Okay, we know how old Sally will be when John is 38 years old. (Pause) She
will be 12.66 ... ycars. We can say she’ll be 12, because we usually don't say
that we are 12.60 ... years old. We typically use whole numbers when we talk
about our age. Okay?

Okay, you can say that Sally will be 2. So if you subtract 7 from that you get
5. Then you take away 5 from 38 and you’re done! John is 33.

Wait a minute! You're going too fast. I don’t see how you know to do all that.
Can you explain your reasoning?

(Patiently) You know Sally will be 12 and something, and you know that she is
7 now. So that means that there are 5 years between now and then. Actually a
little more than 5 years, but you said that was okay. .
Yes, it's okay to say 5 years. So 5 years is how much time there is between now
and the time in the future when John is 387
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S6: Yes, So if you take 5 away from 38, that’s how old John is now.

T: Did everyone follow S6's reasoning? (Pause) Who can recap the solution
we’ve just been through?

The teacher calls on two volunteers who, with some assistance from other
classmates and the teacher, summarize the discussion.

T: Did anyone think about the problem differcnlly'? (Pause) 877

§7: Well, sort of. I started out the same. 1 divided 38 by 3.

T: (Interrupting) To find what?

§7: Sally’s age in the future.

T: Okay.

S7: 1 got that Sally will be 12 2/3 years old when John is 38, Then | subir: ulul o
find the difference between their ages. (Pause) I got 25 1/3.

T: Twenty-five and one-third what?

§7: Twenty-five and one-third years. That's how much older John is. (Pause)

T: How much older than Sally?

§7: Yes. That’s the difference between their ages.

T: Now or when John is 38? .

§7: Actually, it doesn’t matter. The difference between their ages will always be the same.

T: Okay, we can come back to that thought in a2 minute. (Pause) Go on.

S$7: So to find out how old John is now.... See, you know Sally is now 7 and John
is 25 1/3 years older than Sally. So add 25 1/3 to 7. and you get John's age.
That's 32 1/3. (Pause) That's how I figured it.

T: Who agrees with S7's reasoning?

Several hands go up.

58 1 don’t understand why she added 25 1/3.
$2: Because that’s how much older John is than Sally.
$8: Istill don't see why she added that to 7.

§2: If you know Sally is 7 and John is 25 1/3 years older than Sally, you add (o get
how old John is now.

S8 (Puzzled) But 25 1/3 is when John is 38 and Sally is 12 2/3.

$9: The difference between their ages is always the same—row and when Joln is 38.

T: Does that make sense o everyone? (Pause) Who can explain S7’s solution
method from the beginning? (Pause) Don’t just tell me what operations she did.
Remember, “to explain™ means that you have to talk about her rcasoning. not
just the arithmetic she did.

The discussion continues. The teacher poses more questions aimed at focus-
ing students’ attention on the quantities and quantitative relationships in the
problem. He probes for the reasoning underlying the students’ arithmetic proce-
dures. As the teacher elicits responses from the students, he sketches a diagram
(fig. 8.1) to support the discussion of invariance of age differences and variance
of age ratios.
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NOwW FUTURE
Elapsed time

(? years)

\.
Sally’s age now
(7 years)

Sally’s age then

(? years)

(? years) (not 1:3)

John’s age now
(? years)

Difference Ratio
(? years) (1:3)

Difference I I Ratio

John's age then

(38 years)

Fig. 8.1

THE VIGNETTES AND THE TEACHERS:
SIMILARITIES AND DIFFERENCES

We constructed the vignettes from actual classroom observations to capture
as concretely as possible what we have observed to be important differences in
mathematics classroom discourse. Despite the obvious similarities, important
substantive differences can be discerned in the two vignettes. Although both
teachers opened their lessons with the same problem and with similar instruc-
tions, the ensuing discussions were quite different. They not only differed in
superficial, albeit important, features, such as duration and number of students
involved (the discussion of the problem in the first vignette was much briefer
than in the second vignette, and vignette | overtly involved five students,
whereas nine students contributed to the discussion in vignette 2), but also dif-
fercd markedly in what was discussed and in the roles the teachers played.

In both vignettes the students initially offered sequences of arithmetic proce-
dures as expressions of their thinking. However, in vignette 2 the students began
o give explanations that were grounded in conceptions of the situation. In con-
trast, the explanations given by the students in vignette 1 remained strictly proce-
dural; they were all statements of how they calculated John's age, and they all
failed to address what the teacher ostensibly requested—an explanation of how
they thought about the problem. The students in vignette | did not offer a justifi-
cation for the chosen operations that was grounded in conceptions of the situation;
when explaining, they did not connect their calculations to the ideas of time, dura-
tion, aging, or relationships among themy. Their explanations were “calculational,”
which stand in sharp contrast to the conceptual explanations given in vignette 2.

Both teachers pressed their students to give rationales for their calculational
solutions, but they did so differently and with quite different results. When
compared with the explanations elicited by teacher 2, the explanations
obtained by teacher | were shallow and incomplete (recall the student who

-— vv‘m S adinn -
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justified dividing 38 by 3 by saying that John is older than Sally). Teacher |
was less persistent than teacher 2 in probing the students’ thinking. He accept-
ed solutions consisting of calculational sequences il they were correct by
some criteria that he did not make explicit to the students. Teacher 2. in con-
trast, persnstently prohed qludns thmklng whcnever thelr requmge__wm“

than were teacher 1°s students. =~

Another important difference between the teachers was in their responses (o
the students’ difficulties with dividing 38 by 3. Teacher | used the occasion as
an opportunity to revicw the long-division algorithm; teacher 2 steered the stu-
dents’ attention away from the computational difficulty, downplaying its signif-
icance and redirecting their attention toward the quantitative relationship that
suggested division. €

The actions of the two teachers were driven by different images of their pedagogi-
cal tasks and of the goals they served. Teacher 1's image was that there was a prob-
lem to be solved. Teacher 2's image was of an occasion for students to reason and to
reflect on their reasoning. Although it might be argued that for both teachers the gen-
eral goal was the long-term development of the students’ problem-solving skills, lor
teacher 2 that development clearly entailed getting the students skilled at reasoning.
Furthermore, teacher 2 had an image of what is involved in becoming a skiliced rea-
soner, which he obviously had translated into specific pedagogical practices. His
actions appeared to be driven by the belief that not until students make their reason-
ing explicit to themselves can they reflect on it and represent it mathematically and
that those representations empower their reasoning. The distinctions between these
teachers’ actions reside in their orientations toward mathematics and teaching mathc-
matics. The teacher in vignette I exemplifies what we call a “calculational orienta-
tion.” The teacher in vignette 2 exemplifies what we call a “conceptual orientation.”

In the remainder of this paper we focus on these two orientations from a more
theoretical perspective. First, we characterize the two orientations. Next, we
address the consequences of each orientation for the teachers’ instructional
practices, the students’ learning and beliefs, and the nature of the classroom dis-
course. We conclude with a discussion of the obstacles to adopting a conceptual
orientation and some remarks about what might be involved in successfully
adopting such an orientation.

TWO CONTRASTING ORIENTATIONS

We believe that the substantive differences in the way the teachers handled the
curricular task in the vignettes are an expression of a fundamental difference in their
orientations toward teaching mathematics. As mentioned above, we refer to these as
“conceptual” and “calculational” orientations. Here is how we characterize them.
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A teacher with a is one whose actions are driven by—

« an image of a system of idcas and ways of thinking that she intends
the students to develop,

« an image of how these idcas and ways of thinking can develop;

« ideas about features of materials, activities, and expositions and the
students’ engagement with them that can orient the students” atten-
tion in productive ways (a productive way of thinking gencrates a
“method” that generalizes to other situations;

« an expectation and insistence that students be intellectually engaged
in tasks and activities.

Conceptually oricnted teachers often express the images described above in
ways that focus students’ attention away from the thoughtless applicati -
procedures aﬂmﬁmﬁnuauons. ideas, and relationships

roTEideas These teachers strive for conceptual coherence, both in their peda-
gogical actions and in students® concej TAs a result, conceptually oricn?cd
tcachers tend to focus on aspects of situations that, when well understood, give
meaning to numerica) values and that suggest numerical operations (Thompson
in press). Conceptually oriented teachers often ask questions that move students
{0 view their arithmetic in a noncalculational context like the following:

« “(This number) is a number of what?”

« “To what does (this number) refer in the situation we're dealing with?”

« “What are you trying to find when you do this calculation (in the situ-
ation as you currently understand it)?”

« “What did this calculation give you (in regard to the situation as you
currently understand it)?”

“The actions of a teacher withdCalculational orientation 3ye driven by a fundamental
image of mathematics as theapplcadon ot calculations and procedures for deriving
mencal tesults. 1 his docs not mean that such a teacher 1s

focused on procedures-—<omputational or otherwise—for “‘getting answers.”
These are some symptoms of a calculational orientation:
* A tendency to speak exclusively in the language of numbers and
numerical operations )
+ A predisposition to cast solving a problem as producing a numerical
sofution

b Thes view we call a e
mattes as composed of computational procedures. and doin,

Ll ulational orientation but a catculational orientation does not imply a computational oricatation.

ocused only on computa-
fional procedures.' Rather, his view of mathematics is more inclusive but still one

omputational arientation.” A teacher with a compwational orientation views mathe-
g mathematics as computing in the ahsence of any rea-

won Ton the computation aside from the context of having been asked to do so. A computational arientation implies
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* An emphasis on identifying and performing procedures

* A tendency to do calculations whenever an occasion to calculate presents
itself regardless of the overall context in which the occasion occurs

* A tendency to disregard the context in which the calculations might
occur and how they might arise naturally from an understunding of
the situation itself

* An inclination to remediate students’ difficulties with calculational
procedures independently of the context in which the difficulties
manifest themselves

* A tendency to treat problem solving as flat: that is, nothing aboul
problem solving is any more or less important than anything clse,
except that the answer is most important because getting the answer
is the reason for solving the problem

* A narrow view of mathematical patterns as limite#l to finding patterns
in numerical sequences and in the sameness of operations across
problems, as opposed to finding patterns in reasoning in the solution
of problems

Consequences of Calculational and Conceptual Orientations

Calculational and conceptual orientations can have different consciuences for
the interchanges that occur in classrooms (Wertsch and Toma in press). These
consequences can be organized by the interplay between teachers and students
according to which orientations cach possesses and by the interplay among swi-
dents possessing different orientations. We shatl focus on the influcnce of
teachers’ orientations on classroom discourse because we belicve that cachers
set the tone for the kinds of discussions in which students engage. whether with
the teacher or among themselves (Cohen 1990: Porter 1989; A. Thompson and
P. Thompson 1994; P. Thompson and A. Thompson in press).

The teachers’ goals and images described in the previous section account for
many of the differences between the two vignettes. The first teacher's goal was
for students to solve the problem and share their procedures: the second
teacher’s goal was to create an occasion for students to reason and to make their
reasoning public. Subtle but important differences in the teachers™ behaviors
were an expression of their different goals.

In the previous section we described the teachers’ pedagogical tasks. The
teacher in vignette | expected his students to explain their procedures: the
teacher in vignette 2 expected students to explain their reasoning. Onc mani-
festation of the teachers’ goals is the type of questions they asked. For cxam-
ple, both teachers asked S1 why she had decided to divide 38 by 3. The scc-
ond teacher also asked S|, “What were you trying to find when you divided
38 by 37" By asking this question, the teacher oriented his students toward the
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situation itself and their conception of it, which required the students to reflect
on their understanding of the situation. An important feature of vignette 2 is
that the teacher persisted in bringing students back to thinking about their
conceptions of the situation. This orientation contrasts with orienting students
to reflect on their caleulations and with allowing students to remain oriented
toward their calculations.

Students also have varying degrees of conceptual or calculational orienta-
tons to mathematics. Those who have adapted to calculationally oriented
instruction will approach mathematical discussions with the expectation that
they will be concerned with getting answers (Cobb, Yackel, and Wood 1989,
Nicholls et al. 1990). Students who have come to view mathematics as “answer
getting™ not only will have difficulty focusing on their and others’ reasoning
but also may consider such a focus as being irrelevant to their images of what
mathematics is about.

Conversely, students who have adopted a conceptual orientation will likely
engage in longer, more meaningful discussions (Cobb, Wood, and Yackel
1991). Vignette 2 lasted longer and involved more students than vignette 1
because students had something to discuss. Students in vignette 1 did not sus-
tain a substantive discussion because they had no way of knowing the sources
of their classmates’ procedures. Reasoning was not a subject to discuss. Stu-
dents in vignette 2, through the support of their teacher, did discuss their rea-
soning and in doing so created an environment in which they felt free to share
their understandings.

A calculationally oriented tcacher may believe that explaining the calcula-
tions onc has performed is tantamount to explaining one's reasoning (Cobb,

Wood. and Yackel in prcss)ﬁWéﬁbSéfvédﬁnit >t!le_'0 students able.to follow a,

caleulational-explanation ,ar {h(;serw
and understood:it
r ptualization of the.problem. T trate this'observation; imag--
r'students, Alicia, Beity, Carl, and Don, all of whom.solved. the. “Sally
and*Johitproblem incorrectly. Furthermore,, in '
trom-ditferent-sources: A'Iic'ia‘misséd,ghe,gggb_g se she commi cal-
culational error, but her understanding of the problem was valid and shé under-
stobd ‘the problem-in a-way that fit the calculational explanation offered by S1.
Bétty inissedithe problem‘because of a calculational error; her understanding of
1he problem was’ valid,-but her understanding of the problem did not fit the
string of caleulations offered by S1. Carl and Don missed the problem because
they could not conceptualize it; Don possesses a calculational orientation and
Carl possesses a conceptual orientation. The four students are listening to the
discussion between S1 and T1 (the teacher in the first vignette):

S1: Edivided 38 by 3 and T got 12 2/3. Then I subtracted 7 from 12 2/3 and got 5
2/3. Then | subtracted that from 38 and got 32 1/3. John is 32 1/3.

C t’h‘g’ 'pf'(;lilém_in' ‘the -first:
uch,a way, that.the proposed. sequence of ‘operations
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T1: That's good! (Pause) Can you explain what you did i ail? ¢ di
you divide 38 oy 39 y 1d In more detail? Why did

S1: (Appearing puzzled by the question, she looks back at her work. She lookys

af:in at the original problem.) Because 1 knew that John is older—three
older.

T1: Okay, and then what did you do?

S7: Then spbtracled 7 and got 5 2/3. (Pause) 1 took that away from 38 und tha
gave me 32 1/3.

T1: Why did you take 5 2/3 away from 387
§1: (Pause) To find out how old John is.
T1: Okay, and you got 32 1/3 for John's age. That's good!

times

. For Alicia, who had made a calculational crror but understood the problem
In a way that fits S1's string of operations, this explanation validates her solu-
tion attempt, leaving her with the sense that she now understands what she
had actually understood all along. Betty is convinced that sie does not under-
stand the problem at all—her initial answer was incorrect, and S1's string of
operations do not fit with the way she conceived the problem. Don thinks he
now understands, since he was able to follow all S|I's calculations. Don's
ability to perform all the calculations may even give him the confidence to
explain S1°s solution to Carl, who complains that he does not understand.
However, Don’s procedural explanation only leaves Carl even more frustrat-
ed, since he finds Don’s explanation incomprehensible. These explanations do
not tell Carl why the calculations were performed. In fact, with ali the Dons in
th? class nodding as if they understand, Carl may judge that there is some-
thing wrong with his ability to understand mathematics, when in fact the only
problem is that his expectations for understanding are greater than those of his
peers. Over time, a conceptually oriented student such as Carl, sitting in a
classroom dominated by calculationally oriented discourse, may conclude that
mathem'atics is not supposed to make sense. Eventually, he may altogether
stop trying to understand mathematics.

OBSTACLES AND IMPLICATIONS

It is evident to us that a conceptual orientation is by far the more enriching and
the more productive for students and for teachers. But this orientation cannot be
created easily, nor once created, can it be easily maintained (Romberg and Price
1981; von Glasersfeld 1988; Wood, Cobb, and Yackel 1991). To create a con-
f:eplual orientation, the teacher must reflect long and deeply on her goals for, and
images of, mathematics and mathematics teaching. In our personal expericnce,
there are periods of confusion about what we are trying to have our students
understand, and teachers working with us have expressed the same feclings.
When we move our focus of instruction to deep conceptualizations of situations,
we also move away from the domains of discourse with which we feel most
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comfortable—established methods for deriving numerical solutions. Instead, we
move toward domains of discourse that emphasize “how you think about it"—
domains few of us have explored and too few students have experienced.

One of the major obstacles to creating a conceptual orientation is teachers’
lack of ideas about how to move pedagogically from holding conversations
about “how you think about it” to the standard mathematics of the conventional
curricidum. Teachers frequently ask us essentially this question: “After we've
talked about understanding these situations, how do I introduce the standard
procedures™ This question indicates to us a teacher who is grappling with a
dilemima---how to reconcile an emphasis on students’ reasoning with the tradi-
tional curviculum and pedagogy wherein symbols, methods, and procedures are
introduced before students encounter any substantive applications.

A conceptual approach to teaching mathematics aims for students to solve
problems by working from a deep understanding of them. But working from an
understanding means that they work from their understandings. A primary aim of
conceptually oriented teaching is that students come to conceive a conceptual
domain by developing methods for solving problems in it. Part of students’ devel-
oping stable, general micthods is that they deal with the matter of expressing those
methods in notation. Once students have developed conceptual methods and have
reflected those methods in notation, they can then appreciate that conventional
methaxds are but one way to solve problems in a conceptual domain. It is impor-
tant that students also appreciate that the most powerful approach to solving prob-
fems is 1o understand them deeply and proceed from the basis of understanding
and that & weak approach is to search one’s memory for the “right” procedure. A
teacher’s dilemma regarding when to introduce conventional procedures is even-
tually resolved when this teacher realizes that no reconciliation is possible; the tra-
ditional curriculum turns the construction of mathematical meaning upside down.
The resolution of the dilemma comes from the teacher’s creation of a new
philosophy --a philosophy of what he or she is trying to attain that permeates his
or her instructional goals and actions (Ball 1993).

Once a teacher makes a commitment to treat mathematics conceptually, she
loses the support structures on which she has come to rely, such as textbooks and
repertorics of stable practices. This loss is very threatening and thus is a major
obstacle to change. Old habits die hard and new practices evolve slowly. For
most teachers who fack the time and energy to rethink their curriculum and peda-
gogy. the thought of giving up conventional materials can be very unsettling.
Our rescarch suggests that having a repository of rich problems is enough to
begin moving away from the textbook. Our rescarch also suggests that such a
repository is not sufficient to ensure success; a conceptual understanding of the
subject matter the problems address is also necessary for teachers to feel that
they have a sense of direction and to be able to respond to students’ difficulties.

To teach mathematics conceptually, it is not sufficient to know how to
solve the problem with which the students may be grappling, nor even to

CALCULATIONAL AND CONCEPTUAL ORIENTATIONS IN TEACHING 9]

know several methods of solution (McDiarmid, Bail. and Andcrson 1989)
T0. te%lch conceptually requires a deep conceptualization of the situminn.
Thls,'m turn, requires that the teacher think beyond what is necessary (o sim:
ply find ways of dealing mathematically with the situation. Furthermore. (o
be able to orient students’ thinking in productive ways, it is extremely hc.lp-
ful to have an image of students’ thinking as they develop these ideus. Anyy
teacher can begin building this image by encouraging students to reason and
express themselves accordingly und by listening to their reasoning, respect-
ing it, and asking the other students (o do likewise.
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